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ABSTRACT. Extending the Paley-Wiener theorem to locally compact
Abelian groups involves both finding a suitable Laplace transform and a suitable
analogue for analytic functions. The Laplace transform is defined in terms of
complex characters, and differentiability is defined with use of one-parameter
subgroups. The resulting theorem is much as conjectured by Mackey [7],(1)
the major differences being that the theorem is very much an L2 theorem and
that the problem exhibits a surprising finite dimensional nature.

Definitions.

DEFINITION 1. Let G be a locally compact Abelian group. Then a complex
character z on G is a continuous, nonzero, complex valued homomorphism.

It is clear that every complex character z has a polar decomposition z = xy,
where x is a continuous positive valued homorphism, henceforth called a real char-
acter, and y is a unitary character in the sense of Pontrjagin [10].

Conversely, it is clear that a real character x and a unitary character y deter-
mine a complex character by z = xy.

DEFINITION 2. Let G be a locally compact Abelian group. A continuous
homomorphism 7 from G into the additive reals R is called a linear functional.
The set of linear functionals on G will be called G¥, and the topology of G* will
be understood to be the compact-open topology induced by G.

It is obvious that for any real character x, log x is a linear functional, and
conversely, for any linear functional 7, exp r is a real character. Thus there exists
a bijection between the real characters and the linear functionals, and by abuse of
notation, we shall call both the real character x and its associated linear functional
by the symbol x.
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To every x € G*, and every u € R, we can associate a function ¥, (u)( )
taking an element ¢ € G into the complex number exp(iux(f)). It is immediate
that ¥ (u)( - ) determines a unitary character and that the map ¢,: R — G*
defined by ¥, () = ¥, ()( - ) is a one-parameter subgroup of the character group
G* (where G* has the compact-open topology).

LemMMA 1 [11, p. 12]. Let G be a locally compact Abelian group and leid
the space of linear functionals on G, and G* the character group of G. Then G*
can be identified with the one-parameter subgroups of G*.

If x is a linear functional, ¢ € G and u is a real number, then x(f) will de-
note the value at ¢ of x, and x[u] will denote the element of G* assigned to u by
the one-parameter subgroup associated with x. Noting that (x, + x,)[u] =
xy [ulx, [u] and (u,x)[u] = x[u,u], where x, x,, x, are linear functionals and
u, u, are real numbers, we can conclude that the set of linear functionals can be
considered to be a real vector space. The question about the existence of func-
tionals is answered by the following

LEMMA 2 [7, p. 157], [4, pp. 378—380]. Let G be a locally compact
Abelian group, G* its character group. Then the following statements about G
and G* are equivalent.

(i) For each t in G distinct from 0, there exists a real character x with
x() # 1.

(ii) For each t in G distinct from 0, there exists a functional x with x(t)
#0.

(iil) The union of the images of all one-parameter subgroups of G* is dense
in G*.

(iv) G* is connected.

(V) G is the direct product of a discrete torsion free group D and the
additive group of an n-dimensional vector space V.

COROLLARY 2.1. Let G be a locally compact Abelian group, and N the
subgroup of G on which all x € G¥ vanish identically; then G/N is isomorphic to
D ® V (notation of Lemma 2).

To facilitate later calculations certain additional facts about the space G*
are useful.

LEMMA 3. Let G be a locally compact Abelian group and N as in Corollary
2.1. Then G* can be imbedded in (G/N)*.

PrOOF. Let i be the natural quotient map, i G — G/N. For t € G, the
equality x(i(#)) = x(¢) defines an isomorphism between x € (G/N)* and x € G*
[8,p.27]. O
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LEMMA 4. Let G,, G, be two locally compact Abelian groups with linear
functional spaces G¥, G¥ respectively. Then G¥ x G¥ is isomorphic with
G, ®G,y)*.

PROOF. Let x; € G¥. Then the map 9§ taking the pair (x,, x,) to x; ®
x, € (G, ® G,)*, defined by x; ® x,(t; ® t,) = x,(t;) + x,(t,), is a vector
space isomorphism of Gf X Gf with its image in (G, © Gz)#. Now let x be any
element of (G, ® G,)*. Define x;, € G¥ by x,(#) = x(t, 0) and x, € G§ by
x,(5) = x(0, ). Hence 0 is an isomorphism onto (G, © Gz)#. a

Laplace transforms. The L? Laplace transform of a suitably restricted func-
tion f is defined by replacing the unitary characters of the Fourier transform by
the complex characters previously described. In view of our earlier remarks we
write

*) 18 ») = [ ©) exple0), 0 duce)

where y € G*, x € G* and dy is the Haar measure, and the integral is defined at
least for f € C,(G) (continuous functions with compact support).

LEMMA 5. Let G be a locally compact Abelian group and f be any square
integrable function on G (f € L*(G)). The set U of all x € G* for which
f exp x is square integrable is a convex subset of G¥* which contains the zero
element.

PROOF. Letx;, x, €U, Let Gy = {t €G: x,(1) > x,()}, G, =G~ G,.
Let x3 =ax; +(1 —a)x, for0<a<1. OnG,,

| A(8) exples (DI < I A7) exp(x, (D),
and hence x; € Uf. O

DEFINITION 3. A function f € L3(G) for which Uy contains a neighborhood
U of 0 in G¥ is defined to be strongly L? and is denoted f € SL2(G).

ReMARKs. (i) SL?(G) is a linear space.

(i) If x belongs to the interior of Upfor f€ SL*(G) and X, is an element
of G¥, then there exists some ug > 0 such that 0 <u <u, implies x + ux, be-
longs to the interior of U

DEFINITION 4. If f € SL?(G) then the function fO defined on Uy x G*
by (*) will be called the L? Laplace transform of f. (The definition is to be in-
terpreted in the L2 sense and f° can be considered as the limit as n —> o of
12(x, y) with £, € C,(G) and f, — fin L*(G)))

ExaAMPLE 1. Let G = Z, the group of integers with the discrete topology.
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Then Z* = R and each element x € Z¥ can be identified with a positive real 7 by
the expression x = log 7. The element @ € Z* = T can be identified with a real
number 0, 0 < 0 < 1. For f € SL%(Z), and by obvious abuse of notation we have

0 0)= 3 flnyre?min®,

Hence the L? Laplace transform yields a formal Laurent series. It is not hard to
see that the Laurent series actually converges absolutely for x € int(Uf) and thus
defines an analytic function on the interior of the annulus determined by Uy xT.

EXAMPLE 2. Let G = R, the reals with the usual topology. Then R¥ = R
and if f € SL2(R) then f € L*(R) and its L? Laplace transform is the usual im-
proper integral which defines an analytic function on U x R where U is an open
subset of Uf.

Differentiation. Partial differentiation of functions is introduced using one-
parameter subgroups. If f is a function defined on G* and if x € G*, the
directional derivative f, of f at y with respect to x may be defined as
lim,,_, o (f(yx [u]) — fy))/u whenever this limit exists.

Similarly if F is defined on G* x G*, we can speak of the directional deri-
vative F(xw'l) of F at (x, y) with respect to (x,, y,) € G* x G¥ by defining

) Flaey @ 2) = Iim (Flx + wxy, yyy [u]) = Fx, y)u

when this limit exists. Functions which satisfy (1) for all pairs (x,, y,) shall be

called differentiable. Given a real number r and scalar multiplication r(x,, y,) =
(rxy, 1v4), it is clear that Fy(, |,y = rF(, ). In this sense a differentiable

function is real homogeneous. Now G¥ x G¥ can be converted into a complex
vector space by defining (u + iv)(x,, ¥,) = (ux, —vy,, uy; + vx;). However,
it is not always true that if the limit (1) exists that equality (2) holds.

(2) F(u+iv)(xl,yl) =@+ iv)F(xl:yl)'

Functions which satisfy (2) will be called complex homogeneous.

DEFINITION 5. A function F on G* x G* is analytic 1 if it is differentiable
at all (x, y) € G¥ x G*, complex homogeneous and continuous, with continuous
directional derivatives.

REMARK. If G = R, then G¥ = G* = R and if we identify G¥ x G* with
the complex plane C, then F is analytic I on G¥ x G* iff F is analytic in the
classical sense (per Cauchy).

More generally if G = R", then G* = G* = R" and if x, y are a pair of
vectors such thatx + y =z=(1+4i,...,1 +i)and mx=iorl, but not both,
for each projection m;, then the complex homogeneity condition implies
(8/ox + id/oy)F = 0.
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It is also worthwhile to note that when dealing with groups satisfying
Lemma 2, a function F which is analytic I on G¥ x G* automatically has contin-
uous directional derivatives in a “dense set of directions”.

Although analytic I functions have an inherent attractiveness, being in some
sense the simplest generalizations of analytic functions, the Paley-Wiener problem
is an L? problem and the related notion of analytic II functions must be intro-
duced. (In the Appendix to our paper, it is shown that in general there is no
reasonable condition which can be placed on f € SL2(G) to insure that 5 is
analytic I.)

DEFINITION 6. Let U be a subset of G¥. If F is defined on U x G*, then
F € L2(U x G*) iff for every x € U, F(x, y) € L*(G*).

DEFINITION 7. A function F € L2(U x G*) is continuous 11 iff

e ), = (f, 176y, du(yl))”

is jointly continuous, where du is the normalized Haar measure on G*.

DEFINITION 8. Let U be an open set of G¥. Then F € L3(U x G*) is
differentiable 11 at (x, y) € U x G* iff lim,_,o F(x + ux,, yy, [u] - F(x, y))/u
exists as an L2 function (in the sense of Definition 6) for all x,¥)E G* x G*.

DEFINITION 9. Let U be an open set of G*. Then F € L3(U x G*) is
analytic Il in U x G* iff F is differentiable II at each (x, ) € U x G*, complex
homogeneous, and continuous II, and the directional derivatives are continuous II.

DEFINITION 10. For T any measurable set of G*, with 0 < u(T) < * and
F € L2(U x G*) define

Frx,9)= [ Ftx yv,) duy,).

LEMMA 6. Let U C G¥ be open and F analytic Il on U x G*, and T as
above. Then F is jointly continuous.

LEMMA 7. If F is analytic 1l on U x G*, then (F(X1.J'1))T = (FT)(xl,yl)'

PROOF. By definition there exists a family {H(x,, y,, 4, x)(»)} of L?
functions on G* such that

(FGx + wxy, 3y, [4]) = FGs, y)u = Hxy, vy, 4, 3)0) + Fy 1y 3 9)

with the additional property that lim,_,o 1H(x,, y,, 4, x)I, = 0. Now (F, Ly l)T
= (FT)(x L) S equivalent to

fTF(xl,yl )Xo Yo») du(y)

= ‘}1_1;1‘:) fT [H(xl’ ylx u, xo)(yo) + F(xl,yl)(xo, yoy)] dycv)

for all pairs (xg, o). This is immediate. O
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COROLLARY 7.1. If F is analytic Il on U x G* and 0 < u(T) < o then
Fr is analytic 1 on U x G*.

For technical reasons, relating to the inverse Fourier transform, we make
the following definition and prove an additional lemma.
DEFINITION 11.  For x € G¥, y € G* and ¢ a fixed element of G, define

E*(x, ) = exp(~x())y~1, 0.

LEMMA 8. If F is analytic Il on U x G* and sup,c , IF(x, y)I, <M for
some M, then FE? is analytic Il on U x G* for all t € G, and

— t
(FEr)(xl:yl) _F(xpyl)E +FE(txl,}'1)
(equality to be interpreted in the L? sense of Definition 7).

PROOF. That FE' € L2(U x G*) is a trivial result. Analyticity II is proven
in several steps. First the given equality is checked. The triangle inequality yields:

II(FE')(xl,yl)(x, »)- [F(xl’ yl)Er(x, »)+ FE('xl,yl)(x, 52) 1%

< lim I((F(x + uxy, yy, [u]) = F(x, y)]/u)

u—0

©)) x E¥(x + ux,, yy,[u]) - F(xl’yl)E‘(x, n,

+ lim IFGx, Y)E x + uxy, yy, [u]) — E*(x, »)]/u)
= FE{ Ly )% Dl
Using the error function H(x,, ¥, 4, x)(»), the definition of E*, the equality
E(txl,yl)(x: y) = Et(xl y)(-(xl(t) + iy](t)))’
and the triangle equality, we see that for the sum (3),

(3) < lim IF B yXexpluey @) + 7,0 = DIy
+ lim IE*(x, p)exp[-uCe,(t) + iy, (O)H(xy, 3,4, 4, X)),

+ lin}) IFE*(x, y)[(exp[-uCx,(®) + iy, ()] - D/u

+ (x, (®) + iy, ()]L,.

Now the properties of the error function H along with dominated convergence,
allow us to conclude that this last sum converges to zero, and this proves the
stated equality.
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Complex homogeneity follows easily from the functional equality in the
statement of the lemma. It only remains to verify continuity II of FE? and the
directional derivatives. Continuity of FE? follows from the triangle inequality
and the choice of neighborhoods N,, N, and N; at a point (xy, ¥o) € U x G*,
defined as follows. Let

N, = {(x, y) € U x G*: lexp(-x()) — exp(—x4 ()| < ¢/3M}

(for the t € G used in the definition of £ and the M of Lemma 8). Let

Ny = (e ») €U x G*: [yL, 5~ (gL, 0] < e exp(=x,(1)/3M}.
Let
N3 = {(x, ) €U x G*: IF(x, y) = F(xo, yo)l, < € exp(-x4(1)/3.

Then for (x, y) ENy NN, N N;, IFE*(x, y) = FE*(xy, o), < e. Continuity
II of the directional derivatives follows similarly. I

CoRrOLLARY 9.1. If F is analytic 11 on U x G*, then (FE")y, is analytic 1
on K x G*, where K is a compact subset of U.

Study of D. To be able to estimate the magnitude of certain integrals, it
is important to know that neither G nor G¥ is too large. Specifically, if G is
generated by the support of a strongly L?' function, then G¥ is finite dimensional
(as a real vector space). This in turn imposes conditions on the size of G. Since
R" is already finite dimensional, in this section we restrict our attention to D and
D* (notation of Lemma 2).

DEFINITION 12. For t € G define [t] = {s € G: x(s) = a,,x(?) Vx € G*},
where ag, depends only on s and .

LEMMA 9. For each t € G, [t] is a subgroup of G.

LEMMA 10. Let D be a torsion-free discrete group. Then there exists a
Jamily S of elements of D, such that D can be expressed as the weak direct prod-
uct of the [t,], t, €S (notation due to Hewitt and Ross [4]). We write this
as D ~ II§[1,].

ProOF. The lemma follows by an immediate application of Zorn’s
lemma. O

LEMMA 11. Let S be as above. Given any set {a)} of real numbers with
A € 18|, there exists a linear functional x € D¥ such that x(t,) = a,.

ProoF. For each t) € S define x, € D* by x,(t,) = a,, x\(t,) =0,
7# A The linear extension determines a unique linear functional x,. Set
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x(t) = Zgx,(¢). The sum is well defined since it is actually finite for every t €
D, and x is the required functional. O
DEFINITION 13. Let G be a locally compact Abelian group and f a func-
tion on G. Define Gf to be the subgroup of G generated by the support of f.
DEFINITION 14. Let G be a locally compact Abelian group. G is finite
dimensional iff G¥ is a finite dimensional vector space.

LEMMA 12. Let D be a discrete torsion-free Abelian group, and f € SL*(D).
Then Df is finite dimensional.

Proor. To prove this lemma, S is chosen as in Lemma 10, and ¢ is chosen
to be the isomorphism of D onto its weak direct product representation IT§[¢,].
Let m, be the projection from I1§[#,] onto [¢,]. It then follows that m, ¢l f(t)
is identically zero except for finitely many A, and hence a set {#;,...,¢,} CS
can be chosen such that D, can be isomorphically imbedded in [t,1©---®2,]
If this were not so, then D could not be imbedded in a finite direct product as
above. We could then form an infinite chain of sets, N; (i = 1, . . .) of elements
of D, N;= {t;,..., t;}, t; €S, such that for every ¢, there exists #(i) € [#;]
with f{t())) = a; # 0 and furthermore D, cannot be embedded in II}‘(,i [z,] for
any finite i. Since D¥ has the compact-open topology, there exists an integer n
such that x(V,,) = O implies that x € U, (Lemma 5). We can define x € D* by
x(t)=0fori=1,...,n;x(t(n + i) = 1/a;; and x(t,) = 0 for A & UN;. Ex-
tending linearly, we define x uniquely, and it is immediate that x € Uf. However,

3 1) exp x(9)* = 3 |A) exp x(1)I?
D Dy
>lim X IftOxC@)? ==,

R j=1,..,n

yielding a contradiction. O

COROLLARY 12.1. D¥|, ;and D} are both finite dimensional, and more-
#  —p*
over, D lDf- Dg.

Direct theorem. We shall now prove that the L? Laplace transform of a
function f € SL%(G) is an analytic II function. Our main tool is the dominated
convergence theorem in conjunction with our earlier remarks that the support of
f is finite dimensional.

DEFINITION 15. A function F on U x G* is uniformly L? on U if
sup, ey IF(x, y)ll, is bounded.

THEOREM 1. If G is a locally compact Abelian group and if f € SL*(G)
then the L? Laplace transform
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1965 ) = [ 10 exp(x(O), 0 duce)
(where du is the Haar measure on G), is analytic 11 on the interior of Uy x G*
and is uniformly L? on any compact subset K of Uf. Moreover

@ f8, e ) = [ R0 exp (), (1) + iy OK5, B du(o).

In both the above formulas the equality is understood in the L? sense.
Proor. Formally we write

Fley 0@ ) = [ 70 exp ()06, () + iy, (0K,  du@),

and verify that F, Ly l)(x, ») is square integrable (with respect to y € G*) for
any fixed x in the interior of Us. By Plancherel’s theorem it suffices to show
x,fexp x and y,f exp x are square integrable over G. Set G, = {t € G: x,(t)
=0} and G, = G ~ G,.

Choose u > 0 sufficiently small so that x * ux, belongs to int(Uf) (the
interior of Up). On G, I(f exp x)ux,| < |f exp(x + ux,)| and on G,,
I(f exp x)ux,| < |fexp(x —ux,)l. The square integrability of the right-hand
terms proves that x, fexp x € L*(G). A similar argument shows that y Jexpx
€ L*(G).

Next we show that the difference quotient

FOCG +uxy, yy, [uD) = PG, y)u

tends to F, 1'y1)(x' y) in the L? norm. Again by Plancherel’s theorem we fix
x € int(Uf) and look at

B
tim (fL167 exp 9, + i9,) = (explar, +iuyy) = DIl du(®) -

By use of the mean value theorem our formula becomes
%
lin}) (J-G I(f exp x)(x; + iy X1 — exp u*(t)(x, + iyl))l2 du(t))
u—

where for every ¢t € G, 0 < u*(¢) < u. Dominated convergence yields the re-
quired results. Complex homogeneity follows from equation (4).

We now turn to showing that f2(x, y) is continuous II. Choose Xq in
int U;. Then by Plancherel’s theorem we see
. 1P (g, o) = FO 0, »)I, = Iflexp xq = exp x(y5 'y, D),
5

< I =<pgty, D) exp xoll, + Ifexp xo — exp x)ll,.

Since G* has the compact-open topology and the measure on G is regular,
and |1 = (yg 1y Bl <2, we see that there exists compact K C G such that both
the expressions
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J 1= 051y, 0)f(e) exp xo (O diu)
and

f ol (1 =5 L, M) exp xo ()1 du(e)

are arbitrarily small for y sufficiently close to yy. Thus the first summand in (5)
tends to zero.

To show that the second summand becomes small as x converges to x,, we
use the equality [6, pp. 130—132]

falf(t) exp x(£)1? du(f) = fo/zvf 170s) exp x(rs)1? du(r) du(s)
= S Jy\5) exp xCOF dute)

= Junon, Jyl 09 exp 39 aue) ducs)

where du(r) and du(s) are the Haar measures on the groups N and G/N respective-
ly. We can imbed the group R" & D, into the group [t,]® - - ®[t,]1®[1,,,]
©---®[t,,,,] where each [;],i=1, ..., n, is naturally isomorphic to the
copies of R in R", under the identification ¢; ~ e;, where {;} is the natural basis
forR”,and [t,,,]1® - ®[t,,,,] is the decomposition associated to Dy as
per Lemma 10. Define [,]* = {r € [1,]: a,, >0} and []7 = {t E€[]:
< 0}. Let y be a function from {1,...,n + m} to {+,-}. For any such 7,
there exists x, € G¥ with x, (f) > 0 for t €Q, , where Q, is the quadrant

mrm [t,]"(’), x,(t)#0fori=1,...,n+mand (xp +x,) € int(Uf). Hence
by dominated convergence, there exists 5, > O such that on Q,,

If exp xo(1 —exp 5, x, ), <ef2"+™.

(The L? norm is taken only over Q,) Set§ =min, 16, x, (). Forx €N, =
{x € G*: Ix(t)I <8,i=0,...,n+ m} we can conclude llflexp xo =
exp(x, + x))lI, <e. This proves continuity II. The fact that IR(x, y)l, is
uniformly bounded on K x G*, where K is a compact subset of int(Uf), follows
immediately.

Continuity II of the directional derivatives is proved similarly. O

Converse for R". Theorem 1 contains the statement of one direction of the
Paley-Wiener theorem for locally compact Abelian groups. The converse statement
will be proved in the following sections by first proving the results for special
groups and then “glueing” the results together.

The first important locally compact group that will be considered is R".

For this group, numerous proofs of the Paley-Wiener theorem have appeared: see
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Yoshida [16], Stein and Weiss [14], or Donoghue [1]. However, the proof that
is most easily reformulated to include the concept of analyticity II is the proof
that appears in Rudin [12, p. 368]. The full details of the reformulation will not
be given here. The theorem will be stated and a few arguments indicated.

THEOREM 2. Let G = R", U be an open set of G* = R and F be analytic
Won U x G*=U x R". Then there exists an f € SL*(R") with U, D U such
that fO(x, y) = F(x, y) in the L? sense.

ProoF. Heuristically, we write f(t) = [ nF(x, ¥)E*(x, ¥) du(y) with du the
Lebesgue measure on R™, and observe that if f is well defined (as an L2 function)
then f € L2(R™) and f exp x € L2(R"). Thus the crux of the proof is to show
that the definition of f is independent of x € U, If x, and x, are any two points
of U, then there exists a compact set K C U with 0, x,, x, all belonging to K.
Thus it suffices to show that f defined with respect to x € K is equal to f defined
with respect to 0 € K. The major departure from Rudin’s proof is the two-fold
use of a diagonal argument. O

Analysis of F{x, y) on D. It was shown previously that if f € SL2(D),
where D is a discrete torsion-free Abelian group, then Df is a finite dimensional
group, and £ is actually a function of a coset space. More specifically, if Df is
imbedded in [t,]® - - - ® [¢,], then /P is a function of the coset space
D#/N(tl) N---NN@t,) x D¥I(t,) N -+ - N I(t,) where N(t;) is defined to be
the set {x € D¥: x[t;] = 0} and I(t,) is the set {y € D*: y[t;] = 1}. That fBis
a function on cosets can be expressed in still another way, which will depend on
the following facts:

() D~ Ig[t,].
(i) x €D* can be written as I, x, where X\lpeal = *lpey) and x1g,

(iii) y € D* can be written as Il y, where yi\'[r;\] =y|[,7\] and yklltfl
=1.

(iv) If Fis a function on D¥ x D*, then F(x, y) can be written as
F(xy,...;¥y,...) (where bothx = (x;,...)and y = (v, ...) may have
uncountably many codrdinates).

REMARK. The natures of the functional x, and the character y, are differ-
ent insofar as x, is uniquely determined by any nonzero value x,(t) for some
t € [t,] whereas y, is not.

It is clear that in terms of coordinate notation, there exists an n for which

fD(xl,...,xn,O,...;yl,...,yn,O;...)

= fO .
ol Al 6 THIREE R T 2 TIPS VN, NPT §
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The aim of this section is to prove this result for F analytic Il on U x D* C

D# x D*. Recalling that the images of the one-parameter subgroups of D* are
dense in D* under the mapping which we will call Y, we deal first with the space
D* x y(D*).

LEMMA 13. A4 basis for D* can be chosen such that x € D¥* and y € Y(D¥)
can be written as x = (r;, 1y, ... )and y = (r}, ry, . . . ), respectively, where r;
and r; are all real numbers.

ProoOF. For any ¢t €D, t # e, [t]* is one dimensional and hence can be
identified with the reals R. Any x € D¥ can be expressed in terms of the func-
tions x, dual to the £, €S. O

It is not hard to ste that on the hyperplane R; x R,'. determined by r; = 0,
r;. = 0 for i # j, the topology induced by the compact-open topology is locally the
usual Euclidean topology. Thus if F is analytic Il on D¥ x D*, F is analytic I
and the restriction of Fy, to Ri X Rl'- denoted Fp R %R} is analytic in the classical
sense.

LEMMA 14. Let D be as above, U a convex neighborhood of 0 € G¥, and
let F be analytic 11 on U x D*. Let T be a measurable subset of D* with 0 <
u(T) < oo and Fr as in Definition 10. Then in terms of the above remarks, for
each point (x, y) € U x y(D¥), there exists a neighborhood N,y of (x, y) and
an integer n = n(x, y) for which

! ’
Fr(ryy ooy, 0,051,000, 1,0,.00)

! ’ ’
Sl Y (SPPUNPERY A FNPTINE CTRITTINY /S SNPPS |

as functions on N,y N y(D%).

Proof. Without loss of generality the lemma is proved at (x, y) = (0, 0).
Since both D¥ and y(D¥) are topologized with the compact-open topology, there
exists an integer n and real numbers M and € > O such that if Ir, < € and Irj| <e
fori=1,...,n,thenx=(ry,...,7, 7,4y, .) belongs to U and by con-
tinuity of Fip,

! ! !
(VO (ST A MU (TRTTNS (R AP

—=Fp0,...;0,...)<M.

In particular 7, , ; and [ ; can be allowed to range over all of R. Now consider
the multiply indexed family of analytic functions

(r,1) 'y = ) '
Fo (rn+i,rn+j)—FT(rl,...,rn+j,0,...,rl,..., ntjp O es)

-F0,...;0,...),
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where j 2 0 and Ir;| < € and Ir;.l <efori=1,...,n. By Liouville’s theorem
each F,f‘}_'j') is a constant. By virtue of the continuity of Fy and the appropriate

telescoping series, the lemma follows. O

COROLLARY 14.1. The integer n = n(x, y) is independent of the point
. »).
ProoF. Let n = n(0, 0). Then by analytic continuation

Fr(ey, .o o5xy, o )= Fpley oo %,,0, 00 05x, .00, x,,,0,..0)

is identically zero [3, p. 6]. O

COROLLARY 14.2. The function F. can be regarded as a function on the
coset space D¥IN(t,) N -+ - N N(t,) x D*[I(t,) N - - - N I(t,). (The elements
t; are those elements of D used in the direct sum representation (i) which further-
more determine the functionals x; used to calculate r; and r,'-, i=1,...,nin
Lemma 14.)

ProoF. The corollary follows from the denseness of Y(D¥) in D* and
from Corollary 14.1. O

Converse for D. Let t,,..., t, be elements of D as in Corollary 14.2.
Let DE =[1,1% x - - - x [1,]#, where [1,]¥ = {x € D*: x(2)=0,j #i}. De-
fine a function b: D x D¥ — R by b(x, y) = T r;5; where x = (7, . . . ,
Ty 0,...)andy =(s, ..., w Spy1s -+ - ) asin Lemma 14. The function b
determines a projection of D¥ onto D}';'f. Now if X is a compact subset of Df.
and if F is analytic Il on U x D*, then there exists an integer M, for which
IF(x, y)lI, <M, for all x € U whose projection on the subspace Dﬁ lies in K.
Conversely, if U is a neighborhood of 0 in D¥ and x € U, there exists a compact
neighborhood K, of zero in Df such that the projection of x on DE lies in the
interior of K. These facts prove the following

LEMMA 15. If U is a convex neighborhood of 0 € D¥ and F is analytic 11
on U x D*, then for every (x, y) € U x D*, there exists a neighborhood U, of
x and O such that FE*(x, y) is analytic I on U, x D*.

We now state and prove the converse of Theorem 1.

THEOREM 3. Let D be a discrete torsion-free Abelian group, U an open
convex neighborhood of 0 in D* and F an analytic 11 function on U x D*.
Then there exists a function f € SL*(D) with U C Upand f O, ») = F(x, »)
(in the L? sense) for x € U.

PROOF. As in the case for R", heuristically we write the equality
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) = [p+FE'(x, y) du(y) where du(y) is the Haar measure on D*. Again the
burden of the proof is to show that this definition is independent of x € U. It
suffices to show [+ FE*(0, y) du(y) = [ +FE*(x, ) du(y). Choose U, as in the
previous remarks. Since D is discrete, D* is compact [4, p. 362, (23.17)]. By
setting T = D*, it follows that (FE*(x, y))r is analytic I and due to the invariance
of the Haar measure is independent of y (for fixed x € U,). As a result of the

homogeneity condition, the directional derivatives (FE*(x, y)),-(xl 0y € identi-

cally zero for all x, in D*, and thus because of the finite dimensional nature of
FE* we have the equality [, «FE?(0, y) du(y) = f+FE*(x, ) du(y). This equal-
ity holds not only in the L? sense but also in the pointwise sense for either of
the following two reasons: (i) F € L2(D*) — F € L'(D*) or (ii) each point of
D has unit mass.

The other assertions of the theorem follow easily. O

Converse for N. Since there exist no nontrivial linear functionals on N, the
expression [ +FE*(x, y) du(y) is simply the inverse Fourier transform and is in-
dependent of x as x is identically zero (Corollary 2.1).

Glueing. In this section the results for N, D and R" are “glued” together
to prove the converse direction for a locally compact Abelian group G.

LEMMA 16. Let G be a group satisfying the conditions of Lemma 2, and
G¥ and G* its associated space of linear functionals and character group respec-
tively. Let U be a convex open neighborhood of 0 € G¥ and F(x, y) an analytic
11 function on U x G*. Then there exists an f € SL*(G) such that U C U, and
fB(x, y) = F(x, y) in the L? sense of Definition 1.

PROOF. Since there exists an integer # such that G =~ R" ® D, the integral
JG+FE*(x, y) du(y) can be written [, ,/p+FE*(%, ) dup(vp) dug(vg) where
dup(vp) and dug (vg) are the Haar measures on D* and R", respectively, and
the element y € G* is identified with its direct sum expression y =y, + yg.
(These integrals are to be interpreted in an L? sense and the steps are justified
by [6, pp. 130—-132] and [4, p. 362, (23.18)].)

Once again it must be shown that the function f given by f{t) =
Jo+FE'(x, y)du(y) is well defined. By Theorem 3, the integral [, «FE'(x, y)dup(y D)
is independent of m,(x) where 7, is the projection of G* on D*. Now
once it is established that this latter integral determines an analytic II function
on m,,(U) x R", the lemma follows from Theorem 2.

However, analyticity II follows from the equality

lim
u—0

fD,H(xp Y x)y) dIJD(VD) 2 dFR(VR) =0,

Rn
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where x, € ®R™)* =R" and ¥y €ER™)* =R", and H is the error function of
Lemma 7 [15,p.271]. O

THEOREM 4. Let N be as in Corollary 2.1 and let G be a locally compact
Abelian group and G¥, G* its associated space of linear functionals and character
group respectively. Let U be a convex open neighborhood of 0 € G* and F(x, y)
an analytic 11 function on U x G*. Then there exists an f € SL*(G) such that
U C Uy and fO(x, y) = F(x, y) in the L? sense of Definition 7.

ProOF. Define A(G*, N) to be the set of elements of G* given by {y €
G*:y(t)=1 VYt EN}. Then from [4, p. 380, (24.11)], (G/N)* =~ A(G*, N) and
from [4, p. 365,(23.25)], N* =~ G*/A(G*, N). Hence by [6, pp. 130-132],

S FE ) duo) = [, FE*(x, yy') duy') du(y)

‘/A(G'W)IA(G‘,N)
= t 2 '
fN.f(G/N).FE (x’ yy) dﬂ(y ) dll(y).

Theorem 4 follows immediately from this expression using Lemma 17 and
the results for G=N. O
We summarize our results below.

THEOREM 5. Let G be a locally compact Abelian group. If f € SL*(G),
then its L? Laplace transform fO is analytic 11 on the interior of Up x G* and

Feeyy @ 9 = J R0 exp x(tXp, 806,0) + iy () )

where the equality is an L* equality in the sense of Definition 7. Conversely, an
analytic 11 function F defined on U x G* with U a convex, open neighborhood
of 0 € G*, can be written as the L* Laplace transform of a function f € SL*(G)
with U C Up.

Appendix. It develops that we could have used a slightly different class of
functions in formulating our theorem. A function f € L2(G) is defined to be
MSL?(G) (Mackey [7]) if the set S C G¥ for which f{r) exp x(t) € L*(G) for
x € S has the following two properties: (i) S is convex and (i) if x €S, Ju > 1
with ux € S. It is immediate that f € SL2(G) = f € MSL*(G).

LEMMA A.l. Let G be a locally compact Abelian group. Then the corre-
sponding theorems of the text hold for f € MSL*(G).

PRrROOF. For f € MSL%(G), let Uiy be the corresponding subset of G¥*
such that f exp x € L%(G) for x € Us)- The main property of U needed to
prove the appropriate formulations of Theorems 1-5 of the text is that for all
x € Uiy and for every quadrant Q; of D, ® V/, there exists an x; € Up for
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which x(f) < x,(t) for every ¢t € Q,. This property is obviously true.
The following lemmas are also easily verified.

LEMMA A2. Let G = R" (or Z"), U be an open convex neighborhood of
0 € G*, and F be an analytic 11 function on U x G*. Then there exists a func-
tion B which is analytic 1 on U x G* and satisfies |F(x, y) = f9(x, y)I, =0
forx € U.

LEMMA A3. Let U be a convex open set of R. Let F(x, y) be an analytic
function defined on the strip of the complex plane determined by U x R. If
sup, e 1F(x, y)I, = sup, c ,(Jg IF(x, )2 dy)* is bounded, then F is analytic 11.

Lemmas A.2 and A.3 assert the “essential equivalence” of the classical
Paley-Wiener theorem and the analytic II version.

In view of the above lemmas one might be led to conclude that if G is a
locally compact Abelian group, and F is an analytic II function on U x G* (where
U is a convex open set of G¥) that then there exists a function F analytic I on
U x G* or some “slightly smaller domain” with IF(x, y) — F(x, ), = 0. This
conjecture is false, as the following example shows.

ExaMPLE A.l. Let G = Qg4, the group of additive rationals with the dis-
crete topology. Consider the function f: @, — R defined by

f/n) = 1/n,
fix) =0 for all other x.
Clearly f € SLz(Qd) and in fact Uy = (=, =) and

O = [ fety ndr= T ey, b.
Q4 04

If ¢y, 0 is of the form €* for some r € R, it is not hard to see that fO(x, y) is
unbounded for all x > 0. Now assume for the moment that F(x, ) is an analytic
I function on U x Q% that satisfies IF(x, y) - f Ox, M, = 0 for each x belong-
ing to some compact neighborhood K of 0. Then there exists a function f €
SL’(Qd) such that f2(x, y) = F(x, y) (L? equality). By Plancherel’s theorem,
we can conclude that If — fll, = 0. However, this implies f = f pointwise, as

Q, carries the point measure.

REMARK. The above example shows that although R is dense in QF, it has
measure zero. (R is imbedded in Q% through the identification r <> €/"¢), and Q%
is the Bohr compactification of this imbedded copy of R.)

EXAMPLE A2. Let O, and f be as before. Then f € SL*(Q,), but f ¢
L'(@,).

One might conjecture now that if f € SL?> N L'(Q,) and x € int(U)), then
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fexpx € L‘(Qd). Intuitively speaking, the SL? property governs the global
growth and the L! property governs the local growth, so the conjecture might
seem plausible. Nevertheless, it proves false.

ExaMPLE A3. We define f in terms of its distribution and L2 norm. We
choose numbers n(n) and N(n) and construct a function f € L2(Qd) as follows.
Let 1, be the half-open interval [n, n + 1), n(n) = Z; | fx) exp(n + 1)I?, and
N(n) = p(support fl;,) (u is the point measure).

Set

n(n) = 1/(n exp((n + 1)/2))* forn>1,
n(n) = 0 otherwise.
Define also
Nn) = [1/q(n)] forn=>1,
N(n) =0 otherwise.
(We use [1/n(n)] to signify the integral part of 1/n(n).)

Choose a set S(n) of N(n) points in J,, and define

fx) = n(n)”*/N(n)* exp(n + 1) forx €I, NS(n),n=1,2,...,

fix) =0 otherwise.

We claim Uy D (-, 3/2]. It suffices to show that 3/2 € Uy, which follows
from

Y IA) expstl: = 3 X IAL) exp stl?
Q4 n I,

exp(n + 1)s 2
<Z Z(N(n)n exp(3(n + 1)/2))

2

_ exp(n + 1)s
- ;(n exp(3(n + 1)/2)) :

This last sum clearly converges for s = 3/2.
We can show additionally that f € L! because

T o= zg{%(),%%«

(since n(n)N(n) < 2).
However, for s > 1, fexp s € L'. We show that Zg_If(r) exp ¢l diverges:

T I exptl= 3 3 IAr) exp 4
Q4 n I,

> T @rve)” T = e Z @Ne)”
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and since n(n)N(n) > 1, the sum diverges.
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